Abstract. For the general monic quintic with real coefficients, polynomial conditions on the coefficients are derived as directly and as simply as possible from the Sturm sequence that will determine the real and complex root multiplicities together with the order of the real roots with respect to multiplicity.
1. Quintics
Introduction.
Consider the partition of the space of monic quintics, x 5 + px 4 + qx 3 + rx 2 + sx + t, according to the following root configurations:
(1) 5 distinct real roots We will find polynomial conditions on the coefficients p, q, r, s, and t that will determine to which of these classes the polynomial belongs. We will also determine polynomial conditions on the coefficients that will determine the order of the real roots with respect to multiplicity. (Thus, there will be three sets of results: two for real polynomials and one for complex polynomials.) In a previous paper [3] , the authors gave the analogous results for cubics and quartics.
If c = {c 1 , c 2 ,. . . ,c m } is a finite sequence of real numbers, then the number of variations in sign of c is defined to be the number of i, 1 ≤ i ≤ m − 1 such that c i c i+1 < 0, after dropping the 0's in c. The Sturm sequence for f (x) is defined to be f 0 (x) = f (x), f 1 (x) = f ′ (x), f 2 (x), . . . , f s (x), where f 0 (x) = q 1 (x)f 1 (x) − f 2 (x), degf 2 (x) < degf 1 (x) . . .
. . . In other words, perform the Euclidean algorithm and change the sign of the remainder at each stage. It should be noted here that there exists a more general definition of Sturm sequence, but the one given here suits our purpose.
Sturm's Theorem. Let f (x) be a polynomial of positive degree in R[x] and let
is an interval such that f (a) = 0 and f (b) = 0. Then the number of distinct
Proofs can be found in [4] and [6] . We can get the total number of real roots by looking at the limits as a → −∞ and b → +∞. Thus, the total number of distinct real roots will depend only on the leading terms of the polynomials in the Sturm sequence.
Of course, in addition to Sturm's Theorem, we will also use the theorem that the complex roots of a real polynomial occur in conjugate pairs and the following (which the reader can prove as an exercise, or see [1] , p. 102 (Cor. 4.1.9) or [2] , p.
17 (Exercise 8)), less well known Theorem 1. If the discriminant of a real polynomial is not zero, then the sign of the discriminant is (−1) r , where r is the number of complex conjugate pairs of roots.
In the 1990's, the authors Lu Yang, Songxian Liang, Jingzhong Zhang, Xiarong
Hou, and Zhenbing Zeng studied root multiplicities and obtained extensive results.
In [5] , [8] , and [9], those authors developed and applied the notions of complete discrimination system, multiple factor sequence, and revised sign list, and proved general theorems about conditions for root multiplicities. The significance of this paper is 1) the conditions giving the order of the real roots with respect to multiplicity are new and 2) the proof of the conditions for the real and complex root multiplicities is the simplest and most transparent possible.
We use the computer software Maple to calculate the Sturm sequence for the quintic. One obtains remainder polynomials of degrees 3, 2, 1, and 0, which we suggestively name gcddeg3, gcddeg2, gcddeg1, and gcddeg0, respectively.
The Sturm sequence for the quintic is: shows that it suffices to consider L1 alone! Here is the Sturm analysis in this case.
Thus, the Sturm analysis shows that there are 4 distinct real roots when L1 > 0, and 2 distinct real roots when L1 < 0. In the special cases where L3 = 0 or L2 = 0, it is impossible to get four sign changes in the Sturm analysis table, hence, there must be only 2 distinct real roots. We would like to verify that the conditions in these special cases still depend only on the original L1 (defined above).
Consider the special case where L2 = 0 and L3 = 0. We know (by the superficial consequence of Sturm's Theorem) that there can only be 2 real roots. But we would like to verify that this case forces L1 < 0. (Note that here we use L1, as it is not the same coefficient of x as in the original Sturm sequence due to the special case L2 = 0.)
The Sturm analysis shows that L3 has to be greater than zero. If L2 = 0, then 
(Notice the perfect square in the numerator, a result of computer algebra.) Therefore,
Now consider the special case where L3 = 0 and L2 = 0. Let us recompute the Sturm sequence for this case (solve L3 = 0 for q and substitute q = 2p 2 /5 into the original quintic). 
L1 and L2 denote the appropriate factors of the leading coefficients in new1gcddeg1 and new1gcddeg2. It follows from the Sturm analysis that we must have L1 > 0. Substitute q = 2p 2 /5 into L1: the result is L1 = − 
390625
. Thus, we must have L1 < 0. Therefore, in all cases, the condition for one double root, one real root, and two complex conjugate roots is L1 < 0. there is a triple root or 2 double roots, and in the latter case whether they are real or complex conjugate. Here is the appropriate factor (having the same sign as) of the discriminant of gcddeg2: When there is a triple root, it is necessary to do a Sturm analysis.
Thus, if L2 > 0, then there are 3 real roots, and if L2 < 0, then there is 1 real root.
Now consider the special case L3 = 0. 
Let us denote by L2 and L1 the appropriate factors of the leading coefficients of gcddeg2 and gcddeg1 from the new Sturm sequence. We need L2 = 0 and L1 = 0. If we plug in q = 2p 2 /5 into the appropriate factor of the numerator of the leading coefficient of the original gcddeg2, then we get − The Sturm analysis shows that if L2 > 0, there are 3 real roots, and if L2 < 0 there is 1 real root.
Notice that in the special case that L3 = 0, L2 is forced to be negative.
In the special case L3 = 0, it is also necessary to compare the discriminant of the new gcddeg2 with that of the original gcddeg2. come from the coefficients of gcddeg1.
We now translate the double root to the origin by substituting x = y + doubleroot into the quintic. The resulting quintic then must have a factor of y 2 , as we have shifted the double root to the origin. Here is the remaining cubic factor:
We now need information about how many real roots of a cubic x 3 +px 2 +qx+r are positive. If we perform a Sturm sequence for the cubic, but this time checking the variations in sign from 0 to ∞, we will find out how many of these single roots are positive. The signs at 0 and ∞ are determined by the constant terms and by the leading coefficients. The cases actually condense, and depend only on the constant terms in the Sturm sequence.
It actually takes several pages to write down the proof, using Sturm's Theorem, but the result is that if we are in the case of three single real roots, then if q > 0, But now we must consider the special cases where L2 = 0 or L3 = 0. In each of these special cases, it is necessary to consider the recomputed Sturm sequences. Computer algebra shows that in each of these special cases, the calculation of the double root and the leftovercubic from the recomputed Sturm sequences coincide with the result of substituting for s, respectively for q, (solving for s in L2 = 0, respectively for q in L3 = 0), in doubleroot and lef tovercubic from the original Sturm sequence. Therefore, the conditions above for the relative position of the double and single root hold in all cases. where C 2,1 = 6 sp 3 + 4 q 2 r − 3 pr 2 − 21 spq + 30 sr + 10 p 2 t − 25 tq − p 2 rq
Now translate the triple root to the origin via y = x − tripleroot. The resulting quintic will have a factor of y 3 . By computer algebra, the remaining quadratic factor is
The appropriate factor of the discriminant of this leftoverquadratic is Now consider the special case L3 = 0. It is necessary to consider the recomputed Sturm sequence. But it follows from Sturm's Theorem that it is impossible for the two single roots to be real. It is interesting to note that computer algebra shows that the discriminant of gcddeg2 in the recomputed Sturm sequence must be negative. < 0, then we have single < quadruple.
1.3.6. 1 Triple and 1 Double. Again, the greatest common divisor of the quintic and its derivative has degree 3. If this greatest common divisor does not have a triple root, then it must have a double root (because the original quintic cannot have 3 double roots), and the quintic must have 1 triple root and 1 double root. We can now apply the results from our previous paper, [3] , that determine the conditions on the cubic that will determine whether double < single or single < double, to gcddeg3, and this will give us the conditions on the quintic for triple < double or double < triple. By computer algebra, the result is that if 
Note: Some of the items above are exhibited as rational functions. In the table below, these can be used to form polynomial conditions by replacing the rational function by the product of its numerator and denominator.
Real Root Configurations. 
